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Exact solutions without  major  restr ict ions on the properties of the 

ma te r i a l  are needed in research on the flow (espec ia l ly  viscosi ty)  
of meta ls  a t  high tempera tures  under nonisothermal  condit ions.  
Often the shear res is tance is governed ma in ly  by the t empera ture  

and the deformat ion rate.  Here are examined  the group properties 
of the equat ions of flow and hea t  transfer of a m e d i u m  whose shear 

res is tance is a function of t empera ture  and rate  of shear deformat ion.  
The propert ies speci f ic  to meta ls  are not used, so the results are ap-  

p l i cab l e  to a var ie ty  of media .  

w Here we cons ide r  three  types of flow accom-  
panied by heat  t r a n s f e r  for  a med ium f i l l ing a f ini te  
or  inf ini te  region x > x 0 (x 0 ~ 0). 

1. P l a n a r  r e c t angu l a r  flow without a p r e s s u r e  g rad i -  
ent  caused  by motion of a boundary  in a d i rec t ion  pe r -  
pend icu la r  to the x axis .  

2. Rec t i l i nea r  flow with axial  s y m m e t r y  without a 
p r e s s u r e  g rad ien t  caused by t r a n s l a t i o n a l  mot ion  of 
a c i r c u l a r  cy l inder  of rad ius  x 0 in the d i rec t ion  of the 
gene ra to r .  

3. Flow caused by the ro ta t ion  of a c i r c u l a r  cy l in-  
de r  of rad ius  x0 about its axis .  

It is  a s sumed  that the shear  s t r e s s  is a function of 
the t e m p e r a t u r e  and deformat ion  ra te .  These s imple  
types of flow allow one to obtain exact  so lut ions  with- 
out fu r the r  a s sumpt ions  about the p rope r t i e s  of the 
med ium.  

The equation of mot ion and the equation of heat  flow 
a r e  
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The above three  types of flow co r r e spond  to the 
following combina t ions  of 5~ and 52: l) 5~ = 52 = 0; 2) 
5~ = 1, 6~ - 0; 3) 51 = 52 = l ;  v is the co r r e spond ing  
veloci ty  component ,  T is t e m p e r a t u r e ,  o is dens i ty ,  
and c is specif ic  heat .  The funct ion @(e, T) gives the 
s h e a r  s t r e s s  r as a funct ion of T and the de fo rmat ion  
ra te  in shear :  

]or 6~ ~'1 (1)=ms;  = F ( ~ , T ) (  ~ - v ~ ,  ~ =  o~, = OX 

th is ,  the t h e r m a l  conduct ivi ty  X(T), and the funct ion 
L(T) ( r e p r e s e n t i n g  heat  r e l e a s e d  by phase t r a n s f o r -  
mat ions)  al low a ce r t a i n  range  of choice in the i r  f o r m s .  
It is  a s s u m e d  that the heat produced as a r e s u l t  of the 
v i scos i ty  may be neglec ted .  

We define T ~ f(T~ r176 T ~ as follows: 

T ~  p [ c T -  L (T)],  

I (r~ = k/p (c --  L'), r 1 7 6  = O/p. (1.2) 

System (1.1) becomes  as follows in the new v a r i -  
ables  (the s u p e r s c r i p t  is omit ted):  

/ ~ t _ t _ a ,  0 8 . , . o r  o T . a , + ~ , q )  0 

O aT ". 61 aT (s) . ar0t ~ (! (T) ~ : )  - ~ - I  (r) - ~  = 0, 

Ov 6,v ~-  ~ + 8 = 0 .  (1.3) 

This is the sys t em that will be examined.  
w Cons ider  the group p rope r t i e s  of s y s t e m  S in 

accordance  with the genera l  methods of [1-3] ,  which 
have [4-6]  been applied to va r ious  physica l  p rob l ems .  
We cons ide r  the i nva r i ance  of S r e l a t ive  to the ope ra -  
to r  

o O I 0 ~o O O O ~s O 

of t h e  sought group G, the condi t ions  for  this  be ing 
compl ied  with on a manifold  specif ied by S; this  gives 
us  a sys t em of equat ions of the Lie a lgebra  of the ba -  
s ic  group, which we wr i te  out as follows a f te r  s i m -  
pl i f ica t ion:  

~1o I d! 2 at" 0U a~n~ = 0,  
! dr  ~E -k- -Y/-=0' 

l O~ ~ /on o at, ~ n ~ = o ,  
a= - t - \ o r  "+- o~ ~t ] - -  

.a= i Ov 

2 a'n~ a- a o~' i a~l + + = o, 

O~l ~ O~rl ~ 6, f O~l ~ = O,  
Ot f OxZ ~ " Oz 

0qt 

-t- ~ F~-n 3 - -  F,q ~ - -  q) -~- u = 0, (2.1) 
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H e r e  R is  t h e  R e y n o l d s  n u m b e r ,  A is t h e  A l f v e n  
n u m b e r ,  R m is  t h e  m a g n e t i c  R e y n o l d s  n u m b e r ,  P i s  

1.2 f 

L6 

g,4 , ,  

g..b 

Fig .  1 

the  P r a n d t l  n u m b e r ,  U is  the  v e l o c i t y  of  the  u n p e r t u r b e d  
f low,  B is  the u n p e r t u r b e d  m a g n e t i c  f i e ld ,  T is  the  u n p e r -  

t u r b e d  t e m p e r a t u r e ,  w h i l e  ~, •  ~ a r e  t h e  e l e c t r i c a l  

and t h e r m a l  c o n d u c t i v i t y  and v i s c o s i t y  in t h e  u n p e r -  
t u r b e d  f low. The p r i m e s  deno te  d i f f e r e n t i a t i o n  w: th  
r e s p e c t  to y. 

As  u sua l  t he  so lu t i on  of t he  s y s t e m  is  w r i t t e n  in t he  
form 

ap = xp (y) exp i k ( x  - -  ct), (2.5) 

w h e r e  k is t he  d i m e n s i o n l e s s  w a v e  n u m b e r  and kc  is 
t h e  d i m e n s i o n l e s s  f r e q u e n c y  of t he  o s c i l l a t i o n s .  E q u a -  

t i ons  (2 .2 ) - (2 .4 )  m u s t  be  s o l v e d  f o r  t he  f o l l o w i n g  o b v i -  
ous cond i t i ons  : 

~p ( •  J) = ~ '  ( •  J) = 0, 0 ( •  1) = 0.  (2.6) 

T h e  b o u n d a r y  c o n d i t i o n s  fo r  t h e  m a g n e t i c  f i e ld  in 
t h e  c a s e  o f - n o n c o n d u c t i n g  w a l l s  h a v e  t h e  f o r m  

((p'/(p)+_~ : T- k .  (2.7) 

If system (2.2)-(2.4) is not separable, then hydrodynamic, electro- 
dynamic, and thermal effects exert a simultaneous influence on the 
stability. 

3. T h e  O v e r h e a t  I n s t ab i l i t y .  We  s h a l l  f i r s t  of a l l  
c o n s i d e r  t h e  c a s e  S << R m ,  w h e r e  S = M z / R  is t he  h y -  

d r o m a g n e t i c  i n t e r a c t i o n  p a r a m e t e r .  C l e a r l y  in th i s  
c a s e  f i e l d  p e r t u r b a t i o n s  c a u s e d  by  t h e  m o t i o n  of t h e  

m e d i u m  m a y  p r e d o m i n a t e  o v e r  v e l o c i t y  p e r t u r b a t i o n s  
c a u s e d  by  the  f i e ld .  In the  l i m i t  f o r  A ~ 0 f o r  T = 0 

w e  m a y  i m a g i n e  a s i t u a t i o n  when  t h e  v e l o c i t y  p e r t u r -  

ba t i ons  a l s o  tend  to z e r o ,  and t h e  t e r m s  con t a in ing  r 

in E q s .  (2.3), (2.4) m a y  be n e g l e c t e d .  If we m a k e  the  

f u r t h e r  a s s u m p t i o n  tha t  R m << 1, t hen  we  h a v e  f r o m  
(2.3) 

/',,q) = a B ~ ' O  . (3.1) 

Us ing  (2.4), (2.5), and (3 .1)  and n e g l e c t i n g  f o r  s i m -  
p l i c i t y  t he  c o n t r i b u t i o n  of v i s c o u s  d i s s i p a t i o n  and the  

f ac t  tha t  n is  not  cons t an t ,  we  obta in ,  a f t e r  m a k i n g  
f o r m a l  t r a n s f o r m a t i o n s ,  

o "  + (E- -V)  0 = o, 

E = - -  k 2 § i k c  R P ,  

[2 
V = - - a Y I  -~y-  + i k  U R P  [ YI - -  1"212 _ z0x~o/. (3.2) \ 

The problem thus becomes one of finding the eigenvalues of the 
SchrOdinger equation with a complex potential V. If the initial steady 
state is symmetric with respect to y, then it is not hard to see that 
ReV is a "potential well," and ImV has the form of a hump. The poten- 
tial may be expanded in a series to give the Schrt~dinger equation for 
a harmonic oscillator in the region of the axis of the channel. Having 
thus ascertained that finite solutions exist [11], we may employ simple 
approximate methods in order to investigate (8,2). For example in the 
quasi-classical approximation we replace d/dy by iky and obtain the 
stability criterion immediately (in dimensional form): 

d l n z  i2 
z ~  d In  T a T  " (3 .3 )  

Formula (3,3) was obtained previously for the general case in paper 
[7], but the question of the existence of finite solutions was not consid- 
ered. The presence of the factor a in inequality (3.3) prompts us 
to call the instability an overheat instability [5, 7]. For simplicity we 
shall restrict ourselves to considering the case S << R m << 1 in the quasi- 
classical approximation. A similar analysis may be carried out without 
this last restriction. 

4. H y d r o d y n a m i c  I n s t a b i l i t y .  We s h a l l  now c o n -  
s i d e r  the  o t h e r  l i m i t i n g  c a s e  in wh ich  the  i n s t a b i l i t y  i s  

c a u s e d  by  t h e  p u r e l y  h y d r o d y n a m i c  m e c h a n i s m  of 
t h e  u n t w i s t i n g  of t he  v e l o c i t y  g r a d i e n t  v o r t e x .  It  i s  
w e l l  known tha t  t h e  o n s e t  of h y d r o d y n a m i c  i n s t a b i l i t y  

o c c u r s  f o r  f a i r l y  l a r g e  R e y n o l d s  n u m b e r s  R.  We  
m a y  t h e r e f o r e  n e g l e c t  t he  s m a l l  t e r m s  in t he  r i g h t -  
hand s i d e  of (2.2), r e t a i n i n g ,  h o w e v e r ,  t h e  old d e r i v -  

a t i v e .  F u r t h e r  we  s h a l l  con f ine  o u r s e l v e s  to t he  c a s e  
R m << 1, w h e r e  we can  n e g l e c t  t e r m s  c o n t a i n i n g  B x 

c o m p a r e d  wi th  B 0. F r o m  Eq. (2.3) w e  h a v e  

~P'" - -  k~(P = - -  R m  a~" -~ a B x ' O .  (4.1) 

If t he  h y d r o m a g n e t i c  i n t e r a c t i o n  p a r a m e t e r  S << 
<< 1, i . e . ,  the  H a r t m a n n  n u m b e r  i s  not  v e r y  l a r g e ,  
then  we  m a y  e l i m i n a t e  go f r o m  (2.2) u s ing  (4.1) and,  

n e g l e c t i n g  s m a l l  t e r m s ,  f i na l l y  a r r i v e  at a p r o b l e m  

wh ich  is  one of  f ind ing  the  e i g e n v a l u e s  f o r  an  O r r -  
S o m m e r f e i d  type  e q u a t i o n  

( U _ c ) ( ~ p , ,  k 2 ~ p ) _ V , q p  = i ~piv  (4.2) 

wi th  b o u n d a r y  c o n d i t i o n s  (2.6). T h u s  f o r R  m << 1, S << 

<< 1, aS  < 1 the  m a g n e t i c  f i e l d  and  n o n i s o t h e r m a l  n a t u r e  
of t h e  f low e x e r t  an i n d i r e c t  i n f l u e n c e  on the  s t a b i l i t y  
of t he  m o t i o n ,  a l t e r i n g  t h e  v e l o c i t y  p r o f i l e  and i n t r o -  

duc ing  a v i s c o s i t y  p r o f i l e  into Eq.  (4.2). In o r d e r  to 

s o l v e  t h e  p r o b l e m  w e  u s e  t h e  f a m i l i a r  H e i s e n b e r g - L i n  

m e t h o d  [9]. W e  s h a l l ,  as  usua l ,  con f ine  o u r s e l v e s  to 

t r e a t i n g  even  p e r t u r b a t i o n s  o v e r  t h e  channe l  h a l f -  
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H~2 
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H13 ,1  
1 H~3,2 
1 

HI4,1 
H ~ 14,2 ! 

1 
/]15,1 

I 
H15,~ 
H ~  

H~,a 

e] 

H~ 

! 
t 

H~ 14~1 

14,2 

15,:1 
H e 

15,2 

T a b l e  of I n v a r i a n t  So lu t ions  

n . - -  2m ' r c~ ' l - -  2m 

X 
$ 

xt- ' /z  

t 
x ~ t  
x t -V ,  

,t  

x t  - n  
X~-r t 

te ~ x  

x - -  kt  

te2 ax 

x t  -n  

t 

Xt-~l~a 

t 
x.r -cd 

p,e-~tt 

x - -  m t  

S, Gt = O (a, T), 

J~ 
J~ 
J~. 
J2 
J~ 
J~ 

i = ! (T) 

J'a 
J~ 

tV, Js  
z ~, (A + t) 

J s - b  mt  
x (Js  + k In x) 

SI, O = T C t ' + ~ ' ( e T - ~ ) ,  ] = T a 

x 2/a J2 

t l / m  J~ 

. e2tj~ 

e~Xj~ 

e~t f 2 

e~Xj~ 

tl /mJ~ 

x -llit J2 

e2t j e  

e~ t j  2 

e2t j 2  

z~ 

e(~at f~  

e~ x j~ 
e~ t j~ 

Js + kx 
X (Jr 2 C ll2km-1 In t 

x (Js  + k a -1 In z )  

J~ - -  (2~t ) -a  In t 

~s - -  ~/~$-~ In z 

z (Js + kt) 
~r~+ ~t 

=~=o 

a--~O 

~ =  o 

a =f= --2~ 

i=-2~ ~ o 
~ t - - - 2 1 1  

$ = 0  
a = ~ = O  

t 

x t  -n  

x~-a t 

te Zax 

x - -  kt  

~e 2ax  

x t  U 

.. t 

x - ~ / ~  

t 

~ e - a  t 

~ - -  rat 

�9 = e (~ + ~) T ~ (e e- ~ T), 

2a - '  In  z + J2 

m - I  ln  t + J2 

2t + J2 

2x + J~ 

2t + J2 

2x + Jz  

m - l l n t  +Y~ 

2 ( k + a ) - H n x +  
+ J2 

2t + J~ 

J2 + 2t 

J~_ + 2t 

-.~ e c( T 

P J8 
t n + ~lmfs 

e ~ t j 3  

e ~ X J s  

e ~ tJs 

kz + J8 

t~Js 

xa/(~ + a) Js 

Js - -  (2za) -I  In t 

Js  - -  (2B) - I  In z 
I 

Ja + kt 
x (J~ + kt) 

Y s +  kt 

=--r o 
m =/= 0 

c~-----O 
B=O 

m=r 

=/==,--= 
=6 --2~ 
Or=  

:-2~ ~ C 

~----0 

6 1 = 0  

6 1 =0  
6 2 = t  

81 = 0  
81=0 
6x=O 
6 2 = t  

5 2 = i  
62-=0 
62=0 
6~=0 
6~----- I 
6,-----0 

8 1 ~ 0  

8~=0 
51 =0  

62=i 

6~=0 
5~=0 

6~=0 
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I.t3 8,1 

r 

-//3,3 

/-/93,1 

/-/~,~ 

~o 

H~3,i 

/'/34,1 

/-/~,~ 

/-/s~,l 

t / 4  8,2 

H a $,3 

/143,1 

H a 13,~ 

-h 

t 

z t - n  

~B-ctt 

tegaX 

x - -  kt 

te2aX 

t 

x t - n  

~g 

~g 

x - -  m t  

| 

x t - n  

X 

~B-~tt 

x 

te~a~ 

x - -  kt 

telex 

t 

x t - n  

x e - a t  

x ~ rnt 

Table of Invariant  Solutions (cont'd) 

S~, q ) ~ T ~ T ( e - - [ ! l n T ) ,  ] : T :t 

x ~[a J~ 

t~/m J~ 

t - ' /a  J~ 

e~t J2 

e 9~ J~ 

e ~ J~ 

e 2t ,l" 9 

e ~x J~ 

x 2/~ J~ 

t lira J'z 

t --lla j~ 

t--~/2~ J~ 

e 2t J2 

e 2t J~ 

z (J~ - -  2~et 2~ In  :r) 

] ~ ('~' - ~'-1 In t) 

I x (J~ - -  
~--~ (mn)-~  (In x) ~) 

J t  + ~t-~ a:lnxlnt 
x ( J~ - -  2~t) 

x (Js - -  !3a -~ (In x) ~) 

Js - -  2~zt In x 

Js --~k-~ x ~ 

(J~  -4- ka-X In z )  

(Js + l/~km - i ln  t) 

Js ~ ~/~a -~ In t 

Js- x/~ot-~x In t 

kt + J~ 

x (J~ - -  2~r -~ In x) 
2r In x + J~ 

It ~/'* Js 

J~--- a -i In t 

J~ + 2t . 

J~ -~ 2t 

J~ + 2z 

' J ~ + 2 t  

J~ + 2x 

J~ + 2a-~ in x 

J~ -k m-~ In t 

J~ -- a -~ In .t 

J ~ +  2t 

J2 + 2t 

z (Js - -  Bet-1 (ln z)9 
x (J~ - -  Bm -1 in t) 

x( , r r  
--~ /2 Bin-in -1 (ln x)~) 
J~ + ~a - ' x lnx ln t  

x ( J s - -  2L3t) 
z (Js '-- ~a -1 (In x)~ 

J8 ~ 2~x In t 

Js - -  ~k-1 z~ 

6 +  ~z 

X (Js + ka-~ In x) 

. �9 (Y,  + 
+ V~ km-l-lnt) 

( ~  + ~t) 

m?O  t 
m ~ o  I 

a : # O  

r  

c t=O 

~ ---=- 0 

ct#:O 

m~=O 
~ = 0  

B-----O 
~=/=0 
~=o 

t=B-----O 

~2~0 
62~1  
62--0 
62 ~ t  

62--'--0 
62-=-t 

�9 62=1 

6~ -----0 

61 ~ 0  

6 ~ 0  

6 2 ~ t  

6~--0 

&.~- t 

61 ~ 0  

I 

m#:O 6~= 0 

f ~2=1  

6~= 0 

J 

a =  0 6o.----- t 

- -  61 = 0  

c t ~ O  61=0  

~, = 0 61 = 0  

~ - - 0  6 2 = t  
~=~0 
~----0 62 = t  

~=kO 6z=O 
~ [3----- 0 

[ ~ = 0  8 2 = t  

a = ~ =  OI 61 = 0  
i 
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n o t  z e r o  s i m u l t a n e o u s l y .  T h e n  t h e  c o m p a t i b i l i t y  c o n -  
d i t i o n s  f o r  ( 2 . 1 )  g i v e  

~ ~  2ct + c~, ~ = (c + Co) x +  c~, 

tl ~ = ( b T  + bl)  2c0 ,  

~r (c + co + g )  v - -  c~x + c~ (~*=o) ,  

~1 ~ = ( c +  c o + c ~ )  v - - c ~  x l n x + c ~ x  ( ~ = 1 ) ,  

~1 ~ = ( 2 b e o +  C o - - c )  O, ~1 ~ =  g e  + c~, 61c ~ = 0 ,  

~ B  = 0,  

t d/ i ( 2 . 6 )  
] d T  ~ b T - } - b ~ '  

(s o *  * ) c , +  ~ = [(bT + b~)-?-T-~ __ O]] N-~ - -  -g;dc~ 2co = B 

( b , b ~ ,  a n d  B a r e  c o n s t a n t s ) .  T h e  l a t t e r  two  e q u a t i o n s  

d e f i n e  t h e  f o r m s  of  ~o(a, T) a n d  f ( T )  w i t h  a c c u r a c y  to  
t h e  t r a n s f o r m a t i o n s  o f  ( 2 . 4 ) :  

alp1 = T~+~T (eT-~), ] = T ~ , 

H e r e  c~c~ = 2/?%, c 5 = 0, b = 1/o~. S y s t e m  S~ a l l o w s  

t h e  o p e r a t o r s  of  ( 2 . 3 )  a n d  a l s o  t h e  l i n e a r l y  i n d e p e n d e n t  
o p e r a t o r  

X~ = ax  T~ + 2T + (zr + 2~) v O-g' 

H e r e  a a n d  fl a r e  a r b i t r a r y  c o n s t a n t s ,  ce ~ 0. I t  

w i l l  b e  s h o w n  t h a t  ~e = 0 i s  p e r m i s s i b l e  in  t h i s  c a s e  

a n d  in  t h e  f o I l o w i n g  f o r m s  o f  t h e  f u n c t i o n s .  

An a d d i t i o n a l  e x t e n s i o n  t r a n s f o r m a t i o n  t h a t  p r e s e r v e s  s y s t e m  S 1 h a s  

the form 

T h e  c o r r e s p o n d i n g  f i n i t e  t r a n s f o r m a t i o n s  a re  

l" ~ t ,  x r ~ eaaa~, T ~ = e2a~2 P, 

v" = e ' z a ~ ( v -  2~a~x) (63 = 0) ,  

t ~ ~ t ,  x '  ~ erta~,r, T" = e2aaT, 

v '  = e ~a~ ( v  - -  ~a~x (aa~ + 2lnx))  (62 = l ) .  

In  t h e  c a s e  

(I) a = er r (8 - -  ~JT) ,  / = e =r  

w e  h a v e  

ac~ = 2~c o, g = O, b = O, b~ = t / a .  

T h e  a d d i t i o n a l  o p e r a t o r  i s  

0 0 5 
X ~ = az  ~ + 2 - $ f  + (av - -  2~x) ~v (~ = 0~, 

" O  O 
X~ = az  o7 4- 2 ~-~ + (av 213x In x) 0 - -  ~ (~_-- 9. 

Here ,  o f  course ,  for c~ # 0 we  m a y  put c( = 1. T h e  c o r r e s p o n d i n g  

t r a n s f o r m a t i o n s  a r e  

e ~ x  T '  : T + 2a~, t ~ := t, X' ~ " '. , 

V' ~ e ~a~ ( v - -  2~a~x) (62 - -  0) ,  

t ' =  I, ,c' = e~a%,  1"  = T @ 2a5, 

v '  = e = a [ v - -  [3aax (aaa 2_ 21nx)] ( h e ~ t )  . 

For planar flows we have ~wo further cases: 

Ca = K In T q- ~F (eT=), J = T ~' (K=ecnst). 

In this case c = - 2 c  0' c s = 0 ,  b =1, bl =1/c~. The additional 
operator Xs and the finite transformations are obtained from the cor- 
responding expressions for ~ with 8 = - a :  

t '  = t ,  x "  ~ ahc%, T '  ~ as2T,  b" : a(e+N3)y. 

In  t h e  c a s e  

Q!) 2 = e(a+~)~J" (ee-/3T),  ] = e a T  

w e  h a v e  c~ca = 2flCo, c5 = 0, b = 0, b l  = 1/0~. T h e  a d -  

d i t i o n a l  o p e r a t o r  a l l o w e d  b y  S 2 i s  

O o , = K T + ~ ( a e C ~ T ) ,  t = e  ~T ( K = c o n s t ) .  

H e r e  c 4 = - - 2 % ,  Cs = 0, b = 0, b t = 1/c~. T h e  a d d i t i o n a l  o p e r a -  

to r  X s a n d  t h e  f i n i t e  t r a n s f o r m a t i o n s  a re  o b t a i n e d  f r o m  the  c o r r e s p o n d -  

i n g  expressions for ~t  with 8 = --c~. 
If q,(e, T) is arbitrary, we have for the f(T) satisfying the first con- 

dition of (2.5) that c o = c 4 = % = 0, i . e . ,  the same expressions as for 
arbitrary ~(T). 

0 (~ + 2~) 0 X5 = ctx 0~- + 2 ~ y  + v ~ .  

Here, for a ~ 0, we may, from(2.4),  assume that a =1. The 
additional transformation that preserves S 2 is 

g' ~ t,  x '  = e a a % ,  T '  ~ T @ 2a~, v '  ~ e(~+2~)a~v . 

In  t h e  c a s e  

q3, = T ~ T  (e - -  ~ ln T), ] =  T ~ 

w e  h a v e  ~ c  s = 2/300, c a = 0, b = 1 / ~ ,  b 1 -- 0. S y s t e m  

S 3 a l l o w s ,  in  a d d i t i o n  to ( 2 . 3 ) ,  t h e  o p e r a t o r  

X~ == a x ~  + 2T ~ + ( a v - -  2~x) ~ (~2=0),  

0 0 
Xs ax + 2T ~ + (av-- 2~x in x) -aT (5~ = 9 .  

C o n s i d e r  n o w  t h e  p o s s i b i l i t y  o f  e x t e n d i n g  t h e  g r o u p  

f o r  a n f ( T )  s a t i s f y i n g  t h e  s e c o n d  c o n d i t i o n  o f  ( 2 . 5 ) .  

S y s t e m  ( 2 . 1 )  g i v e s  t h e  f o l l o w i n g  f u n c t i o n s  ( w i t h  q)~ a n d  

qo u n k n o w n  f u n c t i o n s  o f  t a n d  x) f o r f  = c o n s t a n t :  

~~ = 2ct + Cl, ~' = cx + % ~l ~ - coT + q)~ (t, x),  

~1 = (c + g )  v + ~ (t, x) ,  ~1 ~ = (Co - -  c) 0 + / O ~ ~  

~a = c4e - - - 6 g  q -  x % 6~c.; =: O, 

0q) ~ 0%0 ~ ~ 0cP~ �9 - / ~ ;  = 0  
-g/- - -  ] ox~ 

~-~ + ~ ~P)--  

- -  F~ (cot  + ( p o )  _ q)c~ ! = 0, ( 2 . 7 )  
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OF., @48 ~ 0r __ 6~ ~. OF~ 
( c o T + % ) ~ +  ~b-~ -t" -u ~P)-~ - = 0 ,  (2.7) 

(cont  'd) OFI'-k-( ~ x  ~)'-\OFi 
(coT @ q)O) 0T - -  c48 - -  -{- ~ -  q))  ~ = F 1 (C 4 - -  CO) , 

T h e n  i t  f o l l o w s  t h a t ,  if ~ ( e ,  T) i s  n o t  a s o l u t i o n  of 

we h a v e  

o~ or~ t~;-~) - o ,  (2. s) 

~0 ~ = c~, ~ = - - c ~ x  + e~ (8~ = 0) ,  

q~-~ - - % x l n x +  c~x ( 6 ~ = t ) .  

F o r  4s we ge t  f r o m  (2 .7 )  the  e q u a t i o n  

e oq) _ (D~ 0q) o~ 0q) B 
oe ] c ~ + N c a +  T--gT-Co + ~ y - c ~ :  , 

6~B = 0 .  ( 2 .9 )  

We h a v e  c0 = ca = c~ = c~ = 0 i f  /1~ i s  a n  a r b i t r a r y  
f u n c t i o n ,  a n d  t h e n  t h e r e  i s  no  s c o p e  f o r  e x t e n d i n g  t h e  

g r o u p  v i a  f .  
C o m p a r i s o n  of ( 2 . 9 )  w i th  t he  l a t t e r  e q u a t i o n s  of 

(2 .6 )  s h o w s  t h a t  ( 2 . 9 )  d e f i n e s  t he  f o r m s  of ~ ,  ~2, 

a n d  q)3 a b o v e ,  in  w h i c h ,  h o w e v e r  ( and  in  t he  c o r r e -  
s p o n d i n g  o p e r a t o r s  a n d  t r a n s f o r m a t i o n s )  we  h a v e  ~ = 
= 0, a n d  in  ~ 2  w e  m a y  a s s u m e  t h a t  fi = 0 . 1  b y  v i r t u e  
of  ( 2 . 4 ) .  F u r t h e r ,  ( 2 . 9 )  in  the  p l a n a r  c a s e  g i v e s  a 
f u r t h e r  v a l u e  of 6 :  

q ) , = K l n T T ~ ( e - - ~ l n T ) ,  1 =  cons t .  

H e r e  c~ = ric 0, c 4 = 0, c~ = 0. T h e  a d d i t i o n a l  o p e r a -  

t o r  X~ a n d  the  t r a n s f o r m a t i o n  a r e  o b t a i n e d  f r o m  t h e  

e x p r e s s i o n s  f o r  #3 w i t h  c~ = 0. 

Now l e t  ~ ( e ,  T) s a t i s f y  ( 2 . 8 ) .  F r o m  t he  s o l u t i o n s  
to  t h i s  e q u a t i o n  we  s e l e c t  t h o s e  t h a t  s a t i s f y  ( 2 . 7 ) .  I t  
c a n  b e  s h o w n  t h a t  t h e  s o l u t i o n s  t h a t  do n o t  s a t i s f y  

0a0 0~o ~ ( 2 . 1 0 )  
0 e 0 r  + ~ o - ~  - = u  

l e a d  a g a i n  to ( 2 . 9 )  a n d  to t he  c o r r e s p o n d i n g  ~ 0~ a n d  q0. 
O t h e r  v a l u e s  of ~oo a n d  ~o m a y  b e  o b t a i n e d  f o r  t h e  

t h a t  s a t i s f i e s  ( 2 . 8 )  a n d  ( 2 . 1 0 ) :  

(Ps = K T  + ~ (s - -  ~ T ) ,  ] ---- c o n s t .  

T h e n  ( 2 . 7 )  g i v e s  

K 0(p~ oqo 6~ + 6., K_o 0, 0qD 6~ 

0q~ ~ ~0~p ~ 8~ ~0q~ ~ = O ,  ( 2 . 1 1 )  

in  w h i c h  r i s  the  s o l u t i o n  to 

0(p ~ .~0~P ~ 8, ~ x  ~ 
Ot ~ 0x~ ~ / = 0.  (2 .12 )  

C o n s i d e r  now (2 .11 )  f o r  t he  g e n e r a l  c a s e .  We c a n  
o b t a i n  s o l u t i o n s  q0~ and  (P(tx) g i v i n g  v a l u e s  of t he  

c o o r d i n a t e s  d i f f e r e n t  f r o m  the  c o o r d i n a t e s  of the  op -  
e r a t o r  of g r o u p  G e i t h e r  f o r  p l a n a r  f l o w s  o r  f o r  K = 
= 0. C o n s i d e r  f i r s t  p l a n a r  f l o w s .  If fi, f ,  and  K a r e  
i n d e p e n d e n t ,  we ge t  f r o m  (2 .11 )  t h a t  

~po = c~x 27 %, q) = - -  ~ (1/aCTX~ -~- C6Z) - -  K c T t  -t- Ca. 

T h e  L i e  a l g e b r a  of the  b a s i c  g r o u p  i s  g e n e r a t e d  b y  
s i x  l i n e a r l y  i n d e p e n d e n t  o p e r a t o r s ,  n a m e l y  t h o s e  of 

( 2 . 3 )  a n d  

X s  = g f  ~ , X 6  = x ' ~ -  - -  ~ + K t  �9 

From (2.4) we may assume K = 1 or g = 1. The corresponding 
transformations are 

t' : t, x' = x, T' = T- } -  as, v' = v - -  [tasz,- 

t '  = t, x '  = x, T' = T @  a6x, 

v' = v - -  a6 ( i /~x~ - :  g t ) .  

I f  K = f f i ,  t h e  s y s t e m  a l l o w s  a n  i n f i n i t e  g r o u p ;  to 
t h e  o p e r a t o r s  of ( 2 . 3 ) , w e  add  a m a n i f o l d  of  the  f o l l o w -  

i ng  f o r m ,  in  w h i c h  ~ o~ i s  t h e  s o l u t i o n  to (2 .12 )  f o r  61 = 

---- 0 :  ' "  

0 I o 0 /go _ (po (t, x) ~ -  - -  ~ ~ (t, z) dz - -  Ov ~ 

Now c o n s i d e r  t h e  c a s e  K = 0; ~8 c o i n c i d e s  w i th  ~4 

f o r  ~ = 0, b u t  the  v a l u e  a = 0 m a y  b e  s h o w n  to b e  s p e -  

c i a l .  T h e  s o l u t i o n  f o r  t h e  p l a n a r  c a s e  i s  c o r r e c t  f o r  

a n y  K, so  i t  i s  s u f f i c i e n t  to c o n s i d e r  the  o t h e r  two 
t y p e s  of f low.  T h e  g e n e r a l  s o l u t i o n  to ( 2 . 1 1 )  i s  of t h e  

f o r m  

qD ~  c 7 1 n x + c . ,  

( p =  - - ~ c ~ ( x l n x - -  x ) - - ~ c 6 x +  c 3 ( 6 1 = t ,  6 ~ = 0 ) ,  

= x [% - -  1 /ac#  (ln x) ~ - -  ce~ In x ]  (6~=6~= t) .  

T h e  b a s i c  g r o u p  h a s  s i x  p a r a m e t e r s .  S y s t e m  S t f o r  

= 0 a l l o w s  t h e  f o l l o w i n g  o p e r a t o r  in  a d d i t i o n  to X1, 

. . . ,  X5: 

0 X6 l n x ~ - - - ~ ( x l n x - - x )  0 = ~ (8~=o), 

0 t ~x (In x) ~ 0 X s = l n z ~ - - -  W ~-v (8~= t). 

a n d  t he  c o n d i t i o n s  c 4 = 0, Co = 0 f o r  t h e  a r b i t r a r y  c o n -  

s t a n t s ,  e x c e p t  f o r  t he  v a l u e s  K = fl = 0, f o r  w h i c h  c o 

r e m a i n s  a r b i t r a r y .  In t h e  l a t t e r  c a s e  S a l l o w s  a n  i n -  
f i n i t e  g r o u p ,  w h i c h  i s  n a t u r a l ,  s i n c e  i t  s p l i t s  u p  i n t o  

two i n d e p e n d e n t  e q u a t i o n s ,  of w h i c h  o n e  i s  l i n e a r .  T h e  

L i e  a l g e b r a  i s  g e n e r a t e d  b y  t he  o p e r a t o r s  of ( 2 . 3 )  a n d  

0 X o 0 X5 = r g y ,  = q0~ (t, z ) ~ g  

The corresponding finite transformations are 

t' = t, x'  = x T' = T + as lnx, 

v ' =  v + a 6 ~ ( x l n x  - - x )  ( 6 2 = 0 ) ,  
t' = t, x' = x ,  T ' =  T - l - a e l n x ,  

v' = v - -  1/2 a6 ~z (ln x) 2 (6~ = i) .  

w We u s e  t h i s  b a s i c  g r o u p  of t r a n s f o r m a t i o n s  to 

f i n d  p a r t i c u l a r  s o l u t i o n s  f o r  S and  S 1. T h e  i n v a r i a n t  
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s o l u t i o n s  of un i t  r a n k  a r e  p o s s i b l e  only in o n e - p a r a m -  

e t e r  s u b g r o u p s ,  To f ind  a l l  i n v a r i a n t  s o l u t i o n s  it i s  

s u f f i c i e n t  to f ind  the s o l u t i o n s  e s s e n t i a l l y  d i f f e r e n t  

r e l a t i v e  to G i. 

We u s e  the  i n t e r n a l  a u t o m o r p h i s m  of G i to c o n -  

s t r e e t  an o p t i m a l  s y s t e m  of o n e - p a r a m e t e r  s u b g r o u p s  

tha t  a l l o w s  us  to f ind al l  the  e s s e n t i a l l y  d i f f e r e n t  s o -  

l u t i ons  f o r  the  a b o v e  s p e c i a l i z a t i o n s  S i of s y s t e m  S. 

C o m p a r i s o n  of the  Xs f o r  S 1 and $2, and a l s o  f o r  S 3 

and S 4, s h o w s  tha t  the  s p e c i f i c  f o r m  of the  c o o r d i n a t e s  

a l l o w s  us  to s h o w  t h a t  the  m a t r i c e s  of i n t e r n a l  a u t o -  

m o r p h i s m s  of the  b a s i c  g r o u p s  f o r  S 1 and  S 2 (and S 3 

and $4) a r e  i d e n t i c a l ,  wh ich  f a c i l i t a t e s  c o n s t r u c t i o n  of 
the  o p t i m a l  s y s t e m .  

We o m i t  i n t e r m e d i a t e  s t e p s  and g ive  on ly  the  f i na l  

f o r m  of the  o p t i m a l  s y s t e m  of o n e - p a r a m e t e r  s u b -  

g r o u p s  of t he  Si (i = 1 . . . . .  4) f o r  n o n s p e c i a l  v a l u e s  

of the  p a r a m e t e r s .  

S y s t e m  S 

H~ =: Xt,  H 2 = X~, H3 = X4, 

H4 = X I  + Xa,  H~ = kX~ § X~, 

Ha = X 1 ~- X2 27 raN3, H 7 = X4 21- k X  3, 

61H 2 = 51H ~ ~--- 61H 6 = 0 ,  (6~ - -  f )  g 7 = 0 .  

S y s t e m  S i (i = 1 . . . . .  4) 

Htr -= H~ (l = t . . . . .  7), 

w h e r e ,  if/3 ~ 0, t he  g e n e r a l  r u l e  l e a d s  u s  to pu t  in 

the  o p e r a t o r s  

H~ '~ and  HX7 '~ k =  1; 

and  in t he  o p e r a t o r s  

H~ '~ rn = 0 , t ,  H~ 'r m = 0, 

H,~ '~ = 0 ,  H ~  '4 = 0 .  

F u r t h e r  

Hs ~ = reX4 + X~, H~ i = X~ + X~, 

H t g =  X ~ - - a X ~  + X~ ,  

H n  i = X~ + kX~ + X~ (a = O), 

H ~  i = X~ + k X ~ - -  aX~ + X~ (~=0) ,  

H~a ~ = kX~ + mX~ § X~ (~ - o), 

H d  '~ = X~ - (a + 2p) X ,  + X~, 

H ~'~ = X3 - -  aX~ + X~ (~ = % 

Hx~ i = X l "~- k X  3 Jr- X~ (~ = 0), 

H ~  -'~ = X~ + kX~ + X~ (~=--2i3, tt~ = o), 

HI~ i = X1 ~- k lX2 -~ ]c2X3 -4- X5 (a=~=O), 

6~H~o ~ = 5~Hn ~ = 5~H~ ~ = 6~H~ ~ = 0, 

( i  - -  6~) H ~  = ( t  - -  6~) H I ~  ~ = 0 ,  

~.~H141,2 = 0 .  

i 
H e r e  the  Hj a r e  t h e  s i m p l e s t  r e p r e s e n t a t i v e s  of  

t he  c l a s s e s  of  o p e r a t o r s  of  t he  o n e - p a r a m e t e r  s u b -  
g r o u p s  f o r m i n g  the  o p t i m a l  s y s t e m  f o r  s y s t e m  S; k 

and m a r e  a r b i t r a r y  c o n s t a n t s ,  k ~ 0. O p e r a t o r s  tha t  

do no t  l e a d  to i n v a r i a n t  s o l u t i o n s  a r e  e x c l u d e d .  F o r  
c o n v e n i e n c e ,  o p e r a t o r s  t h a t  a r e  not  s i m i l a r  f o r  any 

v a l u e s  of the  p h y s i c a l  p a r a m e t e r s  h a v e  b e e n  d i s t i n -  

g u i s h ed ;  the  c o n d i t i o n s  u n d e r  wh ich  the  o p e r a t o r  is  no t  

s i m i l a r  to the  o t h e r s  a r e  g iven  in p a r e n t h e s e s .  

The i n v a r i a n t  s o l u t i o n s  found  in t h e  s u b g r o u p s  of 
i Hj a r e  g i v e n  in the  tab le ;  h e r e  J2(~) and J3(~) s a t i s f y  

the  s y s t e m  (S/H) of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  

The  t a b l e  g i v e s  s o l u t i o n s  f o r  S 1 . . . . .  S 4. It i s  

r e a d i l y  s e e n  tha t  the  s o l u t i o n s  f o r  S 5 . . . . .  S~ a r e  to 

b e  found  f r o m  t h i s  t ab l e  a l s o ,  

w Consider some of these invariant solutions. 
1% The steady-state flow and heat transfer in the annulus between 

coaxial cylinders of radius x 0 and xl, and in the space between paraI- 
lel planes. Solution I-t I is found by quadrature for arbitrary ~(s, T) and 
f(T). System S/I-t has the form 

oq~ 62 Og9 6,, O(D Oq) 61 [ 6~ (I)= 0, 

J a ' - - ~ - J 3 @ e = O ,  f J 2 " + ] ' J ( 2 @ ~ - ] J z ' = O ,  (4~ 

A prime here denotes the derivative of a function with respect to 
its argument. We introduce the function X(rt, T) as follows: 

q~ = x0(T)+Tl(c ,  T), xx(0, T ) = 0 ,  ~ = Z ( l h ,  r), (4.2) 

and all solutions will be examined in the case of interest to us: 

d~o ~< 0~1 0~Tt O~t 
0, 0--~ >0,  -~T %0, - ~ % 0 ,  (4.3) 

The temperature distribution is given by the well-known expres- 
sions 

�9 ~ ( r ,  To) 

(T, To) 
x x0 exp (h ~ ) ( a t  = i), 

T 

~ l  - -  X0 
t~(r, To)-- f ](T) dT, h={ln(xf fXo ) (5i=0), (6~ = 1).  ( 4 . 4 )  

To 

In this solution we may put T ~ = T, ~(T ~ = h(T). 
Here T O and T 1 a r e  the temperatures at the boundary surfaces x 0 

and xl, which either are given or are found from the conditions of 
heat transfer at these boundaries. Let the transfer at boundary x 1 be 
with a medium of constant temperature Tc and in accordance with 
Q = R(T - Tc), in which R(z) is a function restricted by the condi- 
tions R(--z) = --R(z), dR/dz > 0. Then it is easily shown that the 
equation for T t is 

x) (Tj, To) -]- xi ~' DR (rl  -- Tc) = 0 

and that it has a unique solution. The same is true for the heat trans- 
fer at the other surface. The distributions of the stresses and velocities 
are 

p ~ (T, To) -I 
�9 ~ exp I - -  (6~ + 6~)lh ~ j ,  

T 

zS~( V ~ , . ,  .,z~ ~" ](T)expfh(51 - ~ h j  x ( r ,  s,) 7 J =  

T. 
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If x~ is fixed, then V (the ve loc i ty  at  x0, or the angular  ve loc i ty  
if 5z = 1) and P (the quant i ty  expressed by the force or moment )  are 
re la ted  by 

T~ 

v~  (rl, to) - '  xo~,-% ~ x (r ,  v)  t (r)  ~xp 1~ (& - 
T. 

(T,  To) 
- - '~)  ~ J  dT = O, (4, 6) 

which has a unique solution because  of condi t ion (4. 3) for P, For 

r0(T) r 0, the flow may  occupy the ent i re  region x t - x  0 or only part  
of it, p being the dec is ive  factor.  In the l a t t e r  case the in tegrat ions  

Z o Z Z o Z 

in (4 .5)  and (4. 6) are  carr ied over  the flow region (X --- 0 outside the 

flow), whose disposit ion is governed by the properties of the function 

x ,  (T) : Vo (T) Xo s~$~ exp [(5i  -~ ~ ~ ~ 0 (T, To) 1 

whi le  the boundaries are g iven  by P - T.(T) = 0. From r . ( T )  we find 

tha t  the flow region is ad jacen t  to boundary x 0 for T 1 < T o subject  

to the condi t ion r'0(T ) < 0. For T 1 > T o i t  is ad jacen t  t o t h e  x t bound- 
ary, whi le  in  the ax i a l l y  symmet r i c  case i t  may  l i e  a t  e i ther  bound- 
ary or wi thin  the  annulus. 

2 ~ Flow in an unbounded m e d i u m  x 0 < x < ~ due to mot ion  of 

a cyl inder  of f in i te  radius x 0 > 0. Flow in a ha l f  plane.  Solution H~, l, 

System (S/H) for J2 and is takes  the form 

2 
J ;  - -  - W  [2 + 0 + 61) a l  J~a+l 0 

t t) - -  291 Js = 0, J~taz -- ~- [a (6~ -- 

t 
J~" + ~ [(2 + 61 + 6~) a + 291J~+~'~" (~) = O. 

The genera l  solution is found in f in i te  form for arbi t rary ~(z):  

]~ = z exp (--1~• (a)g (~)), 

= a• [Co - -  (62 - -  t - -  26 / a) -~/~ exp (aXl (a)Z (z)) 

for • 4= 0,  

�9 / s  = e-0 W~ (6~ - -  t - -  21~ / a)~lz, 

= --coa~Z (z). for ~l  = 0 ,  

Z ( ~ ) =  ~ l ( ~ )  z - - ~ ( ~ , 9 )  ~ (.) ' 

• (a) = 2 [2 + (t  + 6a)a], 

Here 62 -- 1 - -  2 g / a  > 0, s ince 6 2 - 1  - - 2 1 3 / c ~ = 0 d e s c r i b e s  

the mot ion of the m e d i u m  as a solid body, Consider the solut ion tha t  

satisfies the condit ions 

T(~,  0 ) = 0 ,  l i m T ( x ,  t ) = 0 ,  l i ra v (x, t ) =  0,  
x-*oo ~-c-*oo 

l ira xa'[ (T) ~-~ = O, l im (xSa+B"T~+O~F (z)) = O , (4. 8) 

of which the last  two represent the fact  tha t  the to ta l  hea t  flux and 
to ta l  force or moment  are zero at  inf ini ty .  These conditions are, 

from (4. 3), compl ied  with for the  values  

2 �9 (Z + 61 + ~ )  
I +6~ <~<0' g>-- 2 . 

t '  (o) = o. (4. 9) 

ConditiOns (4. 8) may  impose some restrict ions also on r  
The  solut ion satisfying these conditions has the form 

T ~ ( - -  ~l ( @  )'l/ax'['t-l[~ v = w(a+2~)[atz exp ( ~  9:4i (a) Z (z,) ,  

t = - - ax l - l ( a )  (6~ - -  t - -  26 / a) -~/~ exp (a~l (a)Z (z)). 

This describes the flow in a m e d i u m  of zero in i t i a l  t empera ture  

hea ted  at  the  boundary x0 by a hea t  flux Q = - -2a - i x0 -1 r  *+l(zo, t) 

the body moving  with a ve loc i ty  V0 = AJ3(t). 
Th is  solution shows that  ~ > 0, ~c 2 > 0 as a consequence of (4. 3) 

and (4. 9); the behavior  of the solution at  smal l  z is dependent  on 

that  of ~I,(z). 
For • (a, [t)-~' (0) ~ [~• (a) we ge t  both branches o f  the  curves; 

Fig. 1 shows the case •  (0) ~ • (13 - -  a); whi le  the case • (0) 

• (6 - -  ~) differs only in the form of t(z) for z smal l .  
For x~ (a, 9 )T '  (0) ~ 9~i (e)  we get  0nly the r ight  branch, and 

here  we should put z 0 = 0 (z 0 is the root of 9~i (a)z - -  • (a, ,a)T ( z )=  

= 0). 
Motion from a s ta te  of rest corresponds to the le f t  branch of the 

curve; the r ight  branch corresponds to a flow when the m e d i u m  is 

i n i t i a l l y  in motion.  

The case a = - 2 / ( 1  + 61), 13 > (2 + 61 + 62)/(1 + 61) describes 
the t rans ien t - s ta te  flow in a s teady t empera tu re  distr ibution;  this 

and the ve loc i ty  dis tr ibut ion are described by 

C'~ ~1-/~ (1+~0 z 
T = C:~ -(i+~''), v = 6~ - -  t +  ~ (1 + 61) 

2 
4~ I+ ~i ~ dZ 

t = (i T-N#)~x~ 3 ~ 

For a = - 2 / ( 1  + 61), B = (2 + 5 t + 6z)/(1 + 61) there  are  s teady-  

s ta te  v e l o c i t y  and tempera ture  distr ibutions.  

3 ~ Ax ia l l y  symmet r i c  flow in an undoubted m e d i u m  due to sources 

of hea t  and torque loca ted  at  the axis. Cer ta in  other flows. 

Solution Hsl,2. The  sys tem (S/H) takes the form 

J~eJ2" 4. c~rt- lJa '2  @ 61 ~ J2 "/2" + 2 . . . . .  

Ja~lIC'J~ " - -  J z ~ "  Js" 6" "~ @" @ ~ ~J~" -t- 

~ , ~  

z = (-- Y~" 
6zJ~ \ + @ )  s~ (4. io) 

A ful l  analysis  wi l l  not be g iven  for this; instead,  we consider 

some par t icu lar  solutions. See [ 7 - 9 ]  for s e l f -mode l ing  solutions of 

this  type for the energy equat ion  for S t [ the first equat ion  of (4. 10)]. 

Comider  the fol lowing boundary -va lue  problem for sys tem St: 

X~O 
oo 't 

x t l - - m  - -~ - )~d t  ( - - l < a < 0 ) ,  (4.11) 
3 " t  I/ x-*O 
0 0 

v (x, 0) = 0, l ira v (z, t) = 0, l ira [ x g~+g~ (x, t)] = Pt V:, 
X~O0 X~O 

~ + t  + 2 = ' r  ~ + 1  
8 ~ = 1 ,  v - -  e t + l  , ~-~-0 ,  T<%-- 2a ( 4 . 1 2 )  
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We introduce a X(r such that  ~ = ~o + ~b(z) , ~0(0) = 0, z = X(~); 
then system (4.10) may  be put as 

]z~J'- ' '  @ ~tJ2C~-tY2'z -}- - ~ -  JzC~J'2" 4- PY2'[ - -  ~ J2 = O, 

1 4- ct 4- 7~ 
P =  2 ( ~ + ~ )  ' 

~ ' 4 -  c t~-e  q- (j) 4 - 9 0 ) 4 - p Y a - ~ X ( X p ) = 0 ,  

Ja' -- "~- Ya 4- JAB;4 (9) = O, (4 .13)  

The boundary conditions for Jz and Js are 

co 

l i r a  ( - -  ~Ja~J.a ") - -  I ,  J2F~d~ = i i- 7 ' ( 4 . 1 4 )  
~-~0 

0 

l im ( Q J J ' T )  : P ,  lira J~ : 0, (4. 15) 

Consider the in tegra l  curves for the first equat ion in (4.13).  AI1 

the in tegra l  curves for (4 .13)  decrease  mono ton ica l ly  and for r # 0 

m e e t  the ~ axis at  f in i te  points. For ~0 = 0 we ge t  the spec ia l  point  

= 0, ~ = 0 (saddle point), with the ~ axis as the in tegra l  curve. For 

-+ ~, the functions ~(~) and 12([) tend a sympto t i ca l l y  to zero as 

F -! 
~p = cJ~ -~ (~)~-'-' exp L - - p z '  (0) 3 J..-a ( ~ ) [ d [  j ,  

a = [-4 (i +llc0] -*'~ . 

Hence  the to ta l  m o m e n t  at  in f in i ty  is zero for r = 0 and X'(0) e 0, 

whereas i t  is f in i te  i f  only X'(0) = 0. For ,~ ~ ~, the function has the 
form g (~) = B~ N (N > !). The in tegra l  curves of (4. lS)  behave  as 

follows near the ~ axis: 

$ r 

~=Jo-~-~Ic 4- p B ( N - - J )  f J,~-c~N~3-2Nd~! N- I  

0 

From (4.15),  to each P there  corresponds one (and only one) in-  

tegra l  curve for each P i f  N < 2; for N -> 2 there  are no in tegra l  curves 

that  satisfy the first condi t ion of (4. 15). From ~0(g) we find the Js that  

satisfies the second condi t ion of (4.15): 

r 

& r  ~r 
c. 

The flow region is f i n i t e ( 0  -<~ < g.)for~b o #  0, in w h i c h g ,  is 

the point  where the ~(~) curve meets  the abscissa. The t empera tu re  
and ve loc i ty  are g iven  by 

Z ( a-t-I 4-7~ ) 
T : t x"lJa (~), v = ' tPJa  (%), ~ = xt-P P - -  2 (t + c~) " " 

For the case ~0 = 0 we h a v e  for l a rge  x and smal !  t tha t  

T ~  I: ' lx~t a v ~ E ~ x - ~ r ~ r t  4rp for .(r)Z(0)5 =' -,n r ~ l ,  

Fax-a~2st ~p(2-~) (i  4- T " l/a)Z'((}) for r =  t .  

The solut ion to (4. 10) subject  to (4. 11) for B = 0, y = - ( a  + 1 ) / a  

may  be t rea ted as a s t eady-s t a t e  flow in a bounded region x 0 < x < x r 

due to ro ta t ion or to t rans la t iona l  mot ion  of a cyl inder ,  or as a flow 

be tween  para l l e l  planes provided tha t  at  boundary x 0 there  is an in-  

f lux of hea t  Q0 = qt7, the  t he rma l  conduc t iv i ty  of the ex te rna l  m e -  

d ium being equal  to tha t  of the m e d i u m  under study. If x t is fixed, 

whi le  the ve loc i ty  V at x0 is given,  then  the t empera ture  and ve loc i ty  

are 

r : t ~ J2 (x), 

v = x s' 1% (4, P) x-8~dx, ~ = PJ'-'-~ (x) x -  (S,< S,) __ % 
:v 

and P is defined by 

Xt -1 

: x~ t Z (% P) V 
0% 

For [00 * 0 a flow arises subject  to the condi t ion P ~> %J.ff(x~)x{, s' '  a.~ 
whi le  for P > %./2 ~ ( r  ~'+~= this flow fil ls  the ent i re  region x0 < x < 

< xl; for %x08~+~' .r~ ~ (xu) < P < ~or ~,~'-' Jz~(x,) the  flow occurs in 

a region x 0 < x < x. ,  in which x.  is the root of P = 9ox ~'+~ Je ~' (r), 

which is unique by vi r tue  of the condit ion a < 0. 

The other solutions for S and S t are presented without  de ta i l ed  

analysis.  
Solution H 4 iS represented in f in i te  form for arbi t rary f(T) and 

r T): 

X = C o f  /(T) dT, q) = c - - % I / ( T )  dl" for 6 , = 0 ,  

x : e x p  co ](T)  dT , O = c e x p - - e o ( a t + S a )  1 / 

' I I 25a - [ -14 -5 l  exp Co(624-1) / ( T )  d/" for 6 t=:=t ,  

v = x 8* {t - co ~ Z ( T, c)I ( T) exp [Co (61--62)  5 f ( T)dT[} , 

in which • is g iven  by (4. 2). 
Solution Hs describes i so thermal  s t eady-s ta te  flow between two 

para l l e l  planes: 

T = const, v = l*-~ x + c. 

Solution H~ represents uni formly propagat ing waves. After intro-  
ducing the • T) of (4.2), the system reduces to one equat ion  of 

first order: 

d'cl Z ('cl, Ja) 4- m d~o (&) 
d J2 = 3- 2 - -  e / (J2)  - -  - -dJ- -~  

Ja - - f ~ , f ( f ~ ) d f . a ,  ~=i f ( , f JdJ~ .  

Solutions H a and H7 are se l f -mode l ing .  System (S/H) is of the 

form 

& t 
/ (&) &,, _~_ ], (&) &,a q_ ~ -  / (&) &, < = 7  &'~ = 0, 

~q) 61d) O~  , i 1 
& " - -  ~- aT &'-F- . ~ - Y s  

e = - -  &" (Ha), 

0(1) 2 0  Oq) t O(I) 
Os [Y3" - -  [, OT Y~'-" - 2 - g ~ J 3 ' - i - ~ T J ~ ' = = O ' '  ' 

e : - - k - - J a ' ~  ( H i ,  

Solut ion H 2 is t r ivial :  T = constant,  v = constant,  

Solution Hi. System (S/H) is of the form 

J,f~Ja" -i- c~J~-lJ2'' 4- -~-  .Ja J2' @ aJ2"~ - -  2J~ = O, 

Z = J a - ~ ( - - J s ' - ] -  @ Ja),  

d 61 ~ 6e 
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The substitution .13 = ~=/~ j ({), ~ = In g and the introduction 
of the new function Z(J) = dJ/d~ convert the first equation (for a ~ O) 
to a first-order equation (this is a standard equation for a = 0). 

Solution H~o. System (S/H) is of the form 

4a~J2aJ2"-~- 4a~Jza- lJ z '~  -1- [4 (act -1- 2) a~J~ e - -  i] J~" -~ 

+ 4 (~ + 1) J2 ~+z ----- 0 ,  

d 

z = - -  2 ( ~ : s  + a & % )  &-~. 

"The substitution Jz = ~-z[~ j (~), ~ = In ~ and introduction of the 
new function Z(J) = dJ/d~ convert the first equation (for a ~ 0) to a 
first-order equation. For c~ = 0 the system integrates in quadratures 
for an arbitrary ~(z). The temperature and velocity are 

t r ~ dz] \ 

t ~ dz 1 

Solution H~,. The equation for J2 in system (S/H) is integrated in 
quadratures 

d~ = cz ex~" + c~e xA, ~,z.~ = - -  k/2] -4- u (k/2])~ + 2/] . 

The second equation takes the form 

t (1 = -6 i la  ~ r ~ ( - - ( t / ~ ) . ] ~  <'I~) 
v ---- -~- in  I -- ~ ~ jo ,  lZ+l dgz, 

( a 11/. 
co - -  ~ ,  (a) t �9 

Solution H~.  The equation for lz coincides with the equation from 
t The second equation of system (S/H) takes the form Hg. 

d--~- [.S~:<,'~ (~)1 + -~- :~ ~, (~) - -  ~.s,'~. + k = o  ( r#~, , ) ,  

d 2 ,~ 
d--~ [&:r  (z)l + ~ -  & ~ (z) - u p & '  + ~ = 0 ( H ~ , , ) ,  

This reduces to a first-order equation after introduction of X(~): 

Js '  
(Hl~,z). 

J./ 2 
. ~ x ( * ) -  ~V~ -~ (Hlsa). 

Solution Hi~ is presented in quadratures for an arbitrary @(z). The 
temperature and velocity are given as follows: J~(~) coincides with that 
found for H,~I: 

~ = k t - - ~ , ~ ,  ~ - f , ~ + ~  " 

d dJa 
d-~ [J2/~ ( z ) ] - - k - - ' ~ - q - a ~ J 3 = O ,  z =-- .1"3'J2 -~ . 

Solution H~a,1. The equation for h in systems (S/H) coincides 
with the equation from H~, s, The second equation takes the form 

d ~ _  k m + a  

This reduces to a first-order equation after introduction of X(r 

6r ~z (r k 
T J  (r + %) - -  

jze 2m J2 ~ 

Solution H~s,2 is presented in quadratures for an arbitrary ~(z). 
The temperature and velocity are 

- -  4 (a -~ i) t] ' } 

v = x [c - -  k In x - -  4c0-z~I ' (k)t (a = - - i ) .  

Solution H~4,r. The equation for J2 in system (S/H) coincides 
with the equation from,H~, z. The second equation takes the form 

This reduces to a first-order equation after introduction of X(r 

= _  +~)W+-U)(,+%)- 
x(~)~_~ l 

cr j2~ 2 (a q-2~) J2- (~§ 

Solution [-I~4,2 is presented in quadratures for an arbitrary ~,(z). 
The temperature and velocity are 
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